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‘ Ž .n nŽny1.r2 Ž .It is known that the entire function Ý yz q rn!, q g 0, 1 , hasns 0
infinitely many positive but no other zeros in the complex plane. A number of
conjectures on these zeros have been made by Morris, Feldstein, and Bowen and
by Iserles. The main objective of this note is to establish some connection among
these conjectures and to prove the following estimates:
t 1 t 1nq 1 nq1
lim inf G , lim sup F ,2t q t qn“‘ n nn“‘
where t , t , . . . are the zeros in monotonic increasing order. Some identities0 1
involving those zeros are proved by using Hadamard's factorisation theorem.
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One of the simplest functional differential equations with variable
delay is
y9 t s yy qt , 1Ž . Ž . Ž .
Ž . Ž .where q g 0, 1 is a constant. The only differentiable solution of 1 that
Ž .satisfies the initial condition y 0 s 1 is
n nŽny1.r2‘ y1 qŽ .
ny t s t . 2Ž . Ž .Ý n!ns0
1
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Ž . wEquation 1 and its variation have been studied in numerous papers 1]3,
x5]7, 8]10 . The subject matter of this note is to investigate the distribution
Ž .of zeros of the solution y t .
w xIt was proved by Morris et al. 10 , using a theorem of Laguerre, that
Ž .y t has infinitely many positive zeros. They also proved that there is no
Ž . Ž .other zero to the analytic extension to the complex plane of y t by using
Žthe so-called multiplier sequence a modest gap in their proof was filled by
w x. Ž . ŽIserles 5 . Denoting the zeros of y t by t , t , . . . in monotonic increas-0 1
. w xing order , Morris Feldstein and Bowen 10 made the following three
conjectures:
Ž .A t rt is monotonically decreasing.nq1 n
Ž . Ž . Ž .B lim t y t r t y t s 1rq.n“‘ nq1 n n ny1
Ž .C lim t rt s 1rq.n“‘ nq1 n
w xIserles 5 conjectured that
Ž . yn Ž .D t s mq q n q o 1 as n “ ‘ for some real constants mn
and n .
All of the above conjectures were based on numerical experiment. How-
w xever, Fig. 1 of Iserles 5 suggests that the following weaker conjecture is
more likely to be true:
Ž . Ž .E lim log t rn s ylog q.n“‘ n
Ž . Ž .It is evident that D is stronger than B, C, E . Less obvious are the
Ž . Ž . Ž . Ž .following connection among A , B , C and E :
Ž . Ž . Ž . Ž . Ž . Ž .PROPOSITION 1. B m C « E ; A and E « C .
ŽThe above result can be proved by using Stolz's lemma see, e.g., PolyaÂ
w x.and Szego 11, Problem 70, Part 1, Chap. 1 .È
The main result of this note is the following proposition.
PROPOSITION 2. It is true that t ) qy1 t for all n G 0 and t Fnq1 n nq1
qy2 t q 1 for all n G m, where m is the minimal nonnegati¤e integer thatn
3 Ž .obeys t G q r 1 y q .n
Ž . Ž . Ž .Proof. Since y t ) 0 for t g 0, t , it follows from 1 that0
t y1y t s y y qt dt - 0, t - t F q t .Ž . Ž .H 0 0
t0
Hence, t ) qy1 t . Suppose that t ) qy1 t for some integer n G 1.1 0 n ny1
Ž . Ž .Without loss of generality, we assume that y t ) 0 in t , t . Sinceny1 n
t y1y t s y y qt dt - 0, t - t F q t ,Ž . Ž .H n n
tn
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we must have t ) qy1 t . This inductive argument proves that t )nq1 n nq1
qy1 t for all n G 0. To prove the rest of the proposition, we consider ann
Ž .arbitrary integer n G m and assume, without loss of generality, y t ) 0
Ž .for t g t , t . Sincen nq1
y9 t s yy qt - 0, t g qy1 t , qy1 tŽ . Ž . Ž .n nq1
y2 Ž y1 y1 .and q t g q t , q t , we obtainn n nq1
y t ) y qy2 t , t g qy1 t , qy2 t .Ž . Ž . Ž .n n n
Ž y2 . y2Since q q t q 1 F q t for n G m, it follows from the precedingn n
inequality that
qy2 tnq1y2 y2y q t q 1 s y q t y y qt dt - 0, n G m.Ž .Ž . Ž . Hn n y2q tn
y2Hence, t F q t q 1 for all n G m. This completes the proof.nq1 n
Ž . Ž .We are still far away from settling any one of the conjectures A ] E .
Nevertheless, Proposition 2 gives two good estimates on the distribution of
Ž .the zeros of y t ; in particular, it implies the following ``lower'' and
``upper'' bounds:
t 1 t 1nq1 nq1
lim inf G , lim sup F .2t q t qn“‘ n“‘n n
Ž . Ž .Since y9 t s yf qt / 0 for every n G 0, it is clear that all t 's aren n n
Ž . Ž .simple zeros of y t . Note that y t is an entire function of order 0, it
Ž w x.follows from Hadamard's factorisation theorem see, e.g., Titchmarsh 12
that
‘ t
y t s 1 y . 3Ž . Ž .Ł ž /tns0 n
Ž .Some interesting identities concerning zeros of y t can be obtained by
Ž . Ž .comparing 2 with 3 .
PROPOSITION 3. Let
n Ž1r2.nŽny1.y1 qŽ .
a s 1, a s , n s 1, 2, . . . .0 n n!
YUNKANG LIU4
Then
‘
ynt s d , n s 1, 2, . . . ,Ý k n
ks0
 4‘where the sequence d is gi¤en by the recurrence relationn ns0
d s 1, d s ya d y a d y ??? ya d , n s 1, 2, . . . .0 n 1 ny1 2 ny2 n 0
Proof. Since
‘ ‘ nt 1n n1 y s 1 q y1 t ,Ž .Ł Ý Ý Łž / ž /t tns0 ks1n mns1 E kn
Ž . Ž .n < 4where E s m , . . . , m g N m / m if i / j , we obtain by com-n 1 n i j
n Ž . Ž .paring the coefficients of t in 2 and 3 the identity
n 1 ns y1 a , n s 1, 2, . . . ,Ž .Ý Ł ntks1 mE kn
which, together with
n ‘ ny11 1 1
sÝ Ł Ý Ý Ł½t t tks1 ks1m m mE ms0 Ek kn ny1
ny21 1 1 1 1
y y ??? y y ??? ,Ý Ł Ý 5ž /t t t t tks1m m m m mE Ek 1ny2 1
n s 1, 2, . . . ,
‘ 4gives the required recurrence of d .n ns0
Before concluding this note, we make a few remarks.
Ž . Ž . ‘ yz t Ž .1. The Laplace transform of the solution 2 , Y z s H e y t dt,0
exists for Re z ) 0, and it satisfies the q-difference equation
Y z q q2 zY qz s q , Re z ) 0.Ž . Ž .
Ž .2. As a function of q and t, the solution 2 satisfies the heat
equation
› y t 2 › 2 y
s .2› q 2 q › t
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Ž .3. Closely related to 2 is the q-series
n nŽny1.r2‘ y1 qŽ .
nt ,Ý n mŁ 1 y qŽ .ms 1ns0
2 Ž w x.whose zeros are 1, 1rq, 1rq , . . . , because of the identity see, e.g., 4
n nŽny1.r2‘ ‘y1 qŽ .
n nt s 1 y q t .Ž .Ý Łn mŁ 1 y qŽ . ns0ms 1ns0
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